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Upper large deviations for maximal 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We onsider the standard rst passage perolation model in Z
d
for d ≥ 2 and we study the
maximal ow from the upper half part to the lower half part (respetively from the top to the
bottom) of a ylinder whose basis is a hyperretangle of sidelength proportional to n and whose
height is h(n) for a ertain height funtion h. We denote this maximal ow by τn (respetively φn).
We emphasize the fat that the ylinder may be tilted. We look at the probability that these ows,
resaled by the surfae of the basis of the ylinder, are greater than ν(~v) + ε for some positive ε,
where ν(~v) is the almost sure limit of the resaled variable τn when n goes to innity. On one hand,
we prove that the speed of deay of this probability in the ase of the variable τn depends on the tail
of the distribution of the apaities of the edges: it an deays exponentially fast with nd−1, or with
nd−1min(n, h(n)), or at an intermediate regime. On the other hand, we prove that this probability
in the ase of the variable φn deays exponentially fast with the volume of the ylinder as soon as
the law of the apaity of the edges admits one exponential moment; the importane of this result is
however limited by the fat that ν(~v) is not in general the almost sure limit of the resaled maximal
ow φn, but it is the ase at least when the height h(n) of the ylinder is negligible ompared to n.
AMS 2000 subjet lassiations: Primary 60K35; seondary 60F10.
Keywords: First passage perolation, maximal ow, large deviations.
1 Denitions and main results
Let d ≥ 2. We onsider the graph (Zd,Ed) having for verties Zd and for edges Ed, the set of pairs
of nearest neighbours for the standard L1 norm. With eah edge e in Ed we assoiate a random
variable t(e) with values in R+. We suppose that the family (t(e), e ∈ Ed) is independent and
identially distributed, with a ommon distribution funtion F : this is the standard model of rst
passage perolation on the graph (Zd,Ed). We interpret t(e) as the apaity of the edge e; it means
that t(e) is the maximal amount of uid that an go through the edge e per unit of time.
The maximal ow φ(F1 → F2 in C) from F1 to F2 in C, for C ⊂ R
d
(or by ommodity the
orresponding graph C ∩ Zd) an be dened properly this way. We will say that an edge e = 〈x, y〉
belongs to a subset A of Rd, whih we denote by e ∈ A, if the segment joining x to y (eventually
exluding these points) is inluded in A. We dene E˜d as the set of all the oriented edges, i.e., an
element e˜ in E˜d is an ordered pair of verties whih are nearest neighbours. We denote an element
e˜ ∈ E˜d by 〈〈x, y〉〉, where x, y ∈ Zd are the endpoints of e˜ and the edge is oriented from x towards
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y. We onsider the set S of all pairs of funtions (g, o), with g : Ed → R+ and o : Ed → E˜d suh
that o(〈x, y〉) ∈ {〈〈x, y〉〉, 〈〈y, x〉〉}, satisfying:
• for eah edge e in C we have
0 ≤ g(e) ≤ t(e) ,
• for eah vertex v in C r (F1 ∪ F2) we have∑
e∈C : o(e)=〈〈v,·〉〉
g(e) =
∑
e∈C : o(e)=〈〈·,v〉〉
g(e) ,
where the notation o(e) = 〈〈v, .〉〉 (respetively o(e) = 〈〈., v〉〉) means that there exists y ∈ Zd suh
that e = 〈v, y〉 and o(e) = 〈〈v, y〉〉 (respetively o(e) = 〈〈y, v〉〉). A ouple (g, o) ∈ S is a possible
stream in C from F1 to F2: g(e) is the amount of uid that goes through the edge e, and o(e) gives
the diretion in whih the uid goes through e. The two onditions on (g, o) express only the fat
that the amount of uid that an go through an edge is bounded by its apaity, and that there is
no loss of uid in the graph. With eah possible stream we assoiate the orresponding ow
flow(g, o) =
∑
u∈F2 , v /∈C : 〈u,v〉∈Edn
g(〈u, v〉)1o(〈u,v〉)=〈〈u,v〉〉 − g(〈u, v〉)1o(〈u,v〉)=〈〈v,u〉〉 .
This is the amount of uid that rosses C from F1 to F2 if the uid respets the stream (g, o). The
maximal ow through C from F1 to F2 is the supremum of this quantity over all possible hoies of
streams
φ(F1 → F2 in C) = sup{flow(g, o) | (g, o) ∈ S} .
The maximal ow φ(F1 → F2 in C) an be expressed dierently thanks to the max-ow min-ut
theorem (see [1℄). We need some denitions to state this result. A path on the graph Z
d
from v0
to vm is a sequene (v0, e1, v1, ..., em, vm) of verties v0, ..., vm alternating with edges e1, ..., em suh
that vi−1 and vi are neighbours in the graph, joined by the edge ei, for i in {1, ...,m}. A set E of
edges in C is said to ut F1 from F2 in C if there is no path from F1 to F2 in C rE. We all E an
(F1, F2)-ut if E uts F1 from F2 in C and if no proper subset of E does. With eah set E of edges
we assoiate its apaity whih is the variable
V (E) =
∑
e∈E
t(e) .
The max-ow min-ut theorem states that
φ(F1 → F2 in C) = min{V (E) |E is a (F1, F2)-ut } .
We need now some geometri denitions. For a subset X of Rd, we denote by Hs(X) the s-
dimensional Hausdor measure of X (we will use s = d − 1 and s = d− 2). The r-neighbourhood
V(X, r) of X for the Eulidean distane d is dened by
V(X, r) = {y ∈ Rd | d(y,X) < r} .
If X is a subset of Rd inluded in an hyperplane of Rd and of o-dimension 1 (for example a non
degenerate hyperretangle), we denote by hyp(X) the hyperplane spanned by X, and we denote by
cyl(X,h) the ylinder of basis X and of height 2h dened by
cyl(X,h) = {x+ t~v |x ∈ X , t ∈ [−h, h]} ,
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where ~v is one of the two unit vetors orthogonal to hyp(X).
Let A be a non degenerate hyperretangle, i.e., a box of dimension d−1 in Rd. All hyperretangles
will be supposed to be losed in R
d
. We denote by ~v one of the two unit vetors orthogonal to hyp(A).
For h a positive real number, we onsider the ylinder cyl(A,h). The set cyl(A,h) r hyp(A) has
two onneted omponents, whih we denote by C1(A,h) and C2(A,h). For i = 1, 2, let A
h
i be the
set of the points in Ci(A,h) ∩ Z
d
n whih have a nearest neighbour in Z
d
r cyl(A,h):
Ahi = {x ∈ Ci(A,h) ∩ Z
d | ∃y ∈ Zd r cyl(A,h) , 〈x, y〉 ∈ Ed} .
Let T (A,h) (respetively B(A,h)) be the top (respetively the bottom) of cyl(A,h), i.e.,
T (A,h) = {x ∈ cyl(A,h) | ∃y /∈ cyl(A,h) , 〈x, y〉 ∈ Ed and 〈x, y〉 intersets A+ h~v}
and
B(A,h) = {x ∈ cyl(A,h) | ∃y /∈ cyl(A,h) , 〈x, y〉 ∈ Ed and 〈x, y〉 intersets A− h~v} .
For a given realization (t(e), e ∈ Ed) we dene the variable τ(A,h) = τ(cyl(A,h), ~v) by
τ(A,h) = τ(cyl(A,h), ~v) = φ(Ah1 → A
h
2 in cyl(A,h)) ,
and the variable φ(A,h) = φ(cyl(A,h), ~v) by
φ(A,h) = φ(cyl(A,h), ~v) = φ(B(A,h) → T (A,h) in cyl(A,h)) ,
where φ(F1 → F2 in C) is dened previously.
There exist laws of large numbers onerning these two variables. We summarize the results
here. The law of large numbers for τ and for φ in at ylinders is the following:
Theorem 1 (Rossignol and Théret [3℄). We suppose that∫
[0,+∞[
x dF (x) < ∞ .
Then for every unit vetor ~v, there exists a onstant ν(~v) = ν(~v, d, F ) suh that for every non de-
generate hyperretangle A orthogonal to ~v, for every funtion h : N→ R+ satisfying limn→∞ h(n) =
+∞, we have
lim
n→∞
τ(nA, h(n))
Hd−1(nA)
= ν(~v) in L1 .
Moreover, if 0 ∈ A, where 0 is the origin of the graph, or if∫
[0,+∞[
x1+
1
d−1 dF (x) < ∞ ,
then
lim
n→∞
τ(nA, h(n))
Hd−1(nA)
= ν(~v) a.s.
If limn→∞ h(n)/n = 0, the same onvergenes (in L
1
and a.s.) hold for φ(nA, h(n)) under the same
hypotheses.
3
1 DEFINITIONS AND MAIN RESULTS
Thanks to the works of Kesten [2℄ and Zhang [5℄, we know that ν(~v) > 0 if and only if F (0) <
1− pc(d), where pc(d) is the ritial parameter for the edge perolation on Z
d
. Kesten, Zhang, and
nally Rossignol and Théret have proved a law of large numbers for the variable φ(A,h) in straight
ylinders, i.e., when A is of the form
∏d−1
i=1 [0, ki]×{0} with ki > 0 for all i = 1, ..., d− 1, for large A
and h. Kesten and Zhang have worked in the general ase where the dimensions of the ylinder go
to innity with possibly dierent speed. We present here the result stated by Rossignol and Théret
in [3℄, with the best onditions on the moment of F and on the height funtion h, but in the more
restritive ase where the ylinder we onsider is simply cyl(nA, h(n)):
Theorem 2 (Rossignol and Théret [3℄). We suppose that∫
[0,+∞[
x dF (x) < ∞ .
Let ~v0 = (0, ..., 0, 1). For every hyperretangle A of the form
∏d−1
i=1 [0, ki] × {0} with ki > 0 for
all i = 1, .., d − 1, and for every funtion h : N → R+ satisfying limn→∞ h(n) = +∞ and
limn→∞ log h(n)/n
d−1 = 0, we have
lim
n→∞
φ(nA, h(n))
Hd−1(nA)
= ν(~v) a.s. and in L1 .
We investigate the upper large deviations of the variables φ and τ . We will prove the following
theorem onerning τ :
Theorem 3. Let A be a non degenerate hyperretangle, and ~v one of the two unit vetors normal to
A. Let h : N→ R+ be a height funtion satisfying limn→∞ h(n) = +∞. The upper large deviations
of τ(nA, h(n))/Hd−1(nA) depend on the tail of the distribution of the apaities. Indeed, we obtain
that:
i) if the law of the apaity of the edges has bounded support, then for every λ > ν(~v) we have
lim inf
n→∞
−1
Hd−1(nA)min(h(n), n)
log P
[
τ(nA, h(n))
Hd−1(nA)
≥ λ
]
> 0 ; (1)
the upper large deviations are then of volume order for height funtions h suh that h(n)/n is
bounded, and of order nd if limn→∞ h(n)/n = +∞.
ii) if the apaity of the edges follows the exponential law of parameter 1, then there exists n0(d,A, h),
and for every λ > ν(~v) there exists a positive onstant D depending only on d and λ suh that for
all n ≥ n0 we have
P
[
τ(nA, h(n)) ≥ λHd−1(nA)
]
≥ exp(−DHd−1(nA)) . (2)
iii) if the law of the apaity of the edges satises
∀θ > 0
∫
[0,+∞[
eθxdF (x) < ∞ ,
then for all λ > ν(~v) we have
lim
n→∞
1
Hd−1(nA)
log P
[
τ(nA, h(n))
Hd−1(nA)
≥ λ
]
= −∞ . (3)
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We also prove the following partial result onerning the variable φ:
Theorem 4. Let A be a non degenerate hyperretangle in Rd, of normal unit vetor ~v, and h : N→
R
+
be a funtion satisfying limn→∞ h(n) = +∞. We suppose that the law of the apaities of the
edges admits an exponential moment:
∃γ > 0
∫
[0,+∞[
eγx dF (x) < ∞ .
Then for every λ > ν(~v), we have
lim inf
n→∞
−1
Hd−1(nA)h(n)
log P[φ(nA, h(n)) ≥ λHd−1(nA)] > 0 .
Remark 1. We reall the reader that the asymptoti behaviour of φ(nA, h(n))/Hd−1(nA) for large n
is not known in general. For straight ylinders, i.e., ylinders of basis A of the form
∏d−1
i=1 [ai, bi]×{c}
with real numbers ai, bi and c, we know thanks to the works of Kesten [2℄, Zhang [6℄ and Rossignol
and Théret [3℄ that φ(nA, h(n))/Hd−1(nA) onverges a.s. towards ν((0, ..., 0, 1)) when n goes to
innity, and in this ase the upper large deviations of φ(nA, h(n))/Hd−1(nA) have been studied
by Théret in [4℄: they are of volume order, and the orresponding large deviation priniple was
even proved. For tilted ylinders, we do not know the asymptoti behaviour of this variable in
general, but looking at the trivial ase where t(e) = 1 for every edge e, we an easily see that
τ(nA, h(n)) and φ(nA, h(n)) do not have the same behaviour for large n. However, in the ase
where limn→∞ h(n)/n = 0, we also know that limn→∞ φ(nA, h(n))/H
d−1(nA) = ν(~v) almost surely
under the same hypotheses as for the variable τ(nA, h(n)), so in this ase we really study here the
upper large deviations of the variable φ(nA, h(n)).
Remark 2. We were not able to prove a large deviation priniple from above for the variables τ ,
or φ in tilted ylinders. The idea used in [4℄ to prove a large deviation priniple for the variable
φ(nA, h(n)) in straight ylinders is the following: we pile up ylinders, and we let a large amount
of ow ross the ylinders one after eah other, using the fat that the top of a ylinder, i.e. the
area through whih the water goes out of this ylinder, is exatly the bottom of the ylinder above,
i.e. the area through whih the water an go into that ylinder. We annot use the same method
to prove a large deviation priniple for τ(nA, h(n)), even in straight ylinders, beause in this ase
we annot glue together the entire area through whih the water goes out of a ylinder with the
entire area through whih the water goes into the ylinder above. In the ase of tilted ylinders we
even loose the symmetry of the graph with regard to the hyperplanes spanned by the faes of the
ylinder. These symmetries were of huge importane in the proof of the large deviation priniple
from above for φ(nA, h(n))/Hd−1(nA) in [4℄.
2 Upper large deviations for the resaled variable τ
2.1 Geometri onstrution
To study these upper large deviations, we will use the same idea as in the proof of the strit positivity
of the rate funtion of the large deviation priniple we proved in [4℄ for the variable φ(nA, h(n)) in
straight ylinders. Thus the main tool is the Cramér Theorem in R. We will onsider two dierent
sales on the graph, i.e., ylinders of two dierent sizes indexed by n and N , with N very large
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ompared to n. We want to divide the ylinder cyl(NA,h(N)) into images of cyl(nA, h(n)) by
integer translations, i.e., translations whose vetors have integer oordinates, and to ompare the
maximal ows through these ylinders. In fat, we will rst ll cyl(NA,h(N)) with translates of
cyl(nA, h(n)) and then move slightly these translates to obtain integer translates. The problem
is that we want to obtain disjoint small ylinders so that the assoiated ows are independent,
therefore we need some extra spae between the dierent images of cyl(nA, h(n)) in order to move
them separately and to obtain disjoint ylinders. Then we add some edges to glue together the
dierent utsets in the small ylinders to obtain a utset in the big one.
The last remark we have to do before the beginning of the omplete proof is that we may not
divide the entire ylinder cyl(NA,h(N)) into slabs, but a possibly smaller one, cyl(NA,Mh(n))
with a not too large M . Indeed, we will see that the upper large deviations of τ(NA,h(N)) are
related to the behaviour of the edges of the ylinder that are "not too far" from NA, beause the
utset is pinned at the boundary of NA so it annot explore regions too far away from NA in
cyl(NA,h(N)).
Let λ > ν(~v) and ε > 0 suh that λ > ν(~v) + 3ε. We take an h as in theorem 3, a large N (we
will preise how large it is), and a smaller n. We dene cyl′(nA, h(n)) as
cyl′(nA, h(n)) = {x+ t~v |x ∈ hyp(A) , d(x, nA) ≤ ζ/2 and t ∈ [−h(n)− ζ/2, h(n) + ζ/2]} .
We x an M = M(n,N) suh that M(2h(n) + ζ) ≤ 2h(N). We divide cyl(NA,M(h(n) + ζ/2))
into slabs Si, i = 1, ...,M(n,N), of the form
Si = {x+ t~v |x ∈ NA , t ∈ Ti}
where
Ti = [−M(h(n) + ζ/2) + (i− 1)(2h(n) + ζ),−M(h(n) + ζ/2) + i(2h(n) + ζ)]
(see Figure 1). By a eulidean division of the dimensions of Si, we divide then eah Si into m
translates of cyl′(nA, h(n)), whih we denote by S′i,j , j = 1, ...,m, plus a remaining part S
′
i,m+1. Here
m is smaller than M(n,N) = ⌊Hd−1(NA)/Hd−1(nA)⌋. Eah S′i,j is a translate of cyl
′(nA, h(n)),
whih ontains cyl(nA, h(n)), and so we denote by Di,j the orresponding translate of cyl(nA, h(n))
by the same translation (Di,j ⊂ S
′
i,j). See Figure 2 whih illustrates these denitions.
For all (i, j) there exists a vetor ~ui,j in R
d
suh that ‖~ui,j‖∞ < 1 and Bi,j = Di,j + ~ui,j is
the image of cyl(nA, h(n)) by an integer translation, i.e., a translation whose vetor has integer
oordinates; moreover we have Bi,j ⊂ S
′
i,j , so the Bi,j are disjoint. We dene τi = τ(Si, ~v) and
τi,j = τ(Bi,j , ~v). We denote by E1 the set of the edges whih belong to E1 ⊂ R
d
dened by
E1 = {x+ t~v |x ∈ NA , d(x, ∂(NA)) ≤ 2ζ and t ∈ [−M(h(n) + ζ/2),M(h(n) + ζ/2)]} .
We denote also by E0,i the set of the edges whih belong to E0,i ⊂ R
d
dened by
E0,i = {x+ t~v |x ∈ NA , t ∈ T
′
i } ∩

 m⋃
j=1
V(∂S′i,j , 3ζ) ∪ S
′
i,m+1

 ,
where
T ′i = [−h(N) + (i− 1/2)(2h(n) + ζ)− 3ζ,−h(N) + (i− 1/2)(2h(n) + ζ) + 3ζ] .
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2h(n) + ζ
Si
cyl(NA, h(N))
2ζ
2h(N)
: E1
M(n,N)(2h(n) + ζ)
Figure 1: cyl(NA,h(N)) and Si.
S′i,j
3ζ
3ζ
ζ/2
S′i,m+1
: E0,i
Si
Di,j
Figure 2: The slab Si.
For all i ∈ {1, ...,M(n,N)}, if we denote by Fi,j a set of edges that uts the lower half part from
the upper half part of the ylinder Bi,j , then ∪
m
j=1Fi,j ∪E0,i∪E1 separates the lower half part from
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the upper half part of cyl(NA,h(N)). Thus we obtain that
∀i ∈ {1, ...,M(n,N)}, τ(NA,h(N)) ≤
m∑
j=1
τi,j + V (E1 ∪ E0,i) ,
so
P
[
τ(NA,h(N)) ≥λHd−1(NA)
]
≤ P

∀i ∈ {1, ...,M(n,N)} , m∑
j=1
τi,j + V (E1 ∪ E0,i) ≥ λH
d−1(NA)


≤ P

∀i ∈ {1, ...,M(n,N)} , m∑
j=1
τi,j ≥ (λ− ε)H
d−1(NA)


+ P
[
V (E1) ≥ εH
d−1(NA)/2
]
+ P
[
∃i ∈ {1, ...,M(n,N)} , V (E0,i) ≥ εH
d−1(NA)/2
]
.
We study the dierent probabilities appearing here separately.
• Let
α(N,n) = P

∀i ∈ {1, ...,M(n,N)} , m∑
j=1
τi,j ≥ (λ− ε)H
d−1(NA)

 .
By independene of the families (τi,j, j = 1, ...,m) for dierent i we have
α(N,n) = P

 m∑
j=1
τ1,j ≥ (λ− ε)H
d−1(NA)


M(n,N)
≤ P

M(n,N,A)∑
j=1
τ1,j ≥ (λ− ε)H
d−1(NA)


M(n,N)
≤ P

 1
M(n,N,A)
M(n,N,A)∑
j=1
τ
(j)
n
Hd−1(nA)
≥ λ− ε


M(n,N)
,
where we remember that
M(n,N,A) = ⌊Hd−1(NA)/Hd−1(nA)⌋ ,
and (τ
(j)
n , j ∈ N) is a family of independent and identially distributed variables with τ
(j)
n =
τ(nA, h(n)) in law. We know that E(τ(nA, h(n)))/Hd−1(nA) onverges to ν(~v) when n goes to
innity as soon as E[t(e)] <∞, so there exists n0 large enough to have for all n ≥ n0
E(τ(nA, h(n)))
Hd−1(nA)
≤ ν(~v) + ε < λ− ε .
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In the three ases presented in Theorem 3, the law of the apaity of the edges admits at least one
exponential moment, and by an easy omparison between τ(nA, h(n)) and the apaity of a xed
at utset in cyl(nA, h(n)), we obtain that τ(nA, h(n)) admits an exponential moment. We an
then apply the Cramér theorem to obtain that for xed n ≥ n0 and λ there exists a onstant c
(depending on the law of τ(nA, h(n)), λ and ε) suh that
lim sup
N→∞
1
M(n,N,A)
logP

 1
M(n,N,A)
M(n,N,A)∑
j=1
τ
(j)
n
Hd−1(nA)
≥ λ− ε

 ≤ c < 0 ,
and so for all n ≥ n0 and λ there exists a onstant c
′
(depending on the law of τ(nA, h(n)), λ and
ε) suh that
lim sup
N→∞
1
M(n,N)Hd−1(NA)
log α(N,n) < c′ < 0 . (4)
• To study the two other terms, we an study more generally the behaviour of
γ(n,N) = P

l(n,N)∑
i=1
ti ≥ εH
d−1(NA)/2

 ,
where (ti, i ∈ N) is a family of i.i.d. random variables of ommon distribution funtion F . We know
that there exists a positive onstant C depending on d, A and ζ suh that
card(E0,i) ≤ C
(
Nd−1
n
+Nd−2n
)
(5)
and
card(E1) ≤ CN
d−2M(n,N)h(n) . (6)
Thus the values of l(n,N) we have to onsider are
l0(n,N) = C(N
d−1n−1 +Nd−2n) and l1(n,N) = CN
d−2M(n,N)h(n) .
The behaviour of the quantity γ(n,N) depends on the law of the apaity of the edges.
2.2 Bounded apaities
We suppose that the apaity of the edges is bounded by a onstant K. Then as soon as
2Kl(n,N) < εHd−1(NA) , (7)
we know that γ(n,N) = 0. It is obvious that there exists a n0 suh that for all xed n ≥ n0, for all
large N (how large depending on n), equation (7) is satised by l0(n,N). Moreover, there exists a
onstant κ(n,A, d, ζ, F ) suh that if M(n,N) ≤ κN , then equation (7) is also satised by l1(n,N)
for all n. We hoose M(n,N) to be as large as possible aording to the ondition we have just
mentioned, and the fat that M(n,N) ≤ h(N)(h(n) + ζ/2)−1; we dene κ′(n) = (h(n) + ζ/2)−1
and we hoose
M(n,N) = min(κ(n)N,κ′(n)h(N)) .
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Thus, for a xed n ≥ n0, for all N large enough, we obtain that
P
[
V (E1) ≥ εH
d−1(NA)/2
]
+ P
[
∃i ∈ {1, ...,M(n,N)} , V (E0,i) ≥ εH
d−1(NA)/2
]
= 0
and then thanks to equation (4) we obtain that
lim sup
N→∞
1
Hd−1(NA)min(N,h(N))
logP
[
τ(NA,h(N))
Hd−1(NA)
≥ λ
]
< 0 ,
so equation (1) is proved.
Remark 3. The term Hd−1(nA)min(n, h(n)) an seem strange in (1). It is in fat the right order of
the upper large deviations in the ase of bounded apaities. We try here to explain where it omes
from. From the point of view of a minimal utset, the heuristi is that a utset in cyl(nA, h(n))
separating the two half ylinders is pinned along the boundary of nA, so it annot explore domains
of cyl(nA, h(n)) that are too far away from nA, i.e., at distane of order larger than n. Thus it is
loated in a box of volume of order nd−1min(n, h(n)). We think it is this point of view that gives
the best intuitive idea of how things work, but atually it is very diult to study the position of a
minimal utset in the ylinder. From the point of view of the maximal ow, we an also understand
why this term appears. In fat, we an nd of the order of nd−1 disjoint paths (i.e., with no ommon
edge) that ross cyl(nA, h(n)) from its upper half part to its lower half part using only the edges
loated at distane smaller than Kn of nA for some onstant K (thus all the edges of the box if
h(n)/n is bounded). If h(n)/n is bounded, we an onsider paths that ross the ylinder from its
top to its bottom, and if h(n) ≥ n, we an onsider paths that form a part of a loop around a point
of ∂(nA) - so they join two points of cyl(∂(nA),Kn) that are on the same side of cyl(nA, h(n))
and that are symmetri one to eah other by the reexion of axis the intersetion of ∂(nA) with
this side (see gure 3 that shows these paths in dimension 2). Thus, if all the edges at distane
smaller that Kn of nA in the ylinder have a big apaity, then the variable τ(nA, h(n))/Hd−1(nA)
is abnormally big. The number of suh edges is of order nd−1 min(n, h(n)). We emphasize here
the fat that φ(nA, h(n)) does not have these properties, this is the reason why we expet for this
variable upper large deviations of volume order for all funtions h.
2.3 Capaities of exponential law
The goal of this short study is to emphasize the fat that the ondition of having one exponential
moment for the law of the apaity of the edges is not suient to obtain the speed of deay that
we have with bounded apaities. We will onsider a partiular law, namely the exponential law of
parameter 1, and show that we do not have upper deviations of volume order in this ase.
We suppose that the law of the apaity of the edges is the exponential law of parameter 1.
We know that E(exp(γt)) < ∞ for all γ < 1. Let x0 be a xed point of the boundary ∂(nA).
We know that there exists a path from the lower half ylinder (nA)
h(n)
2 to the upper half ylinder
(nA)
h(n)
1 in cyl(nA, h(n)) that is inluded in the neighbourhood of x0 of diameter ζ ≥ 2d for the
eulidean distane, as soon as n ≥ n0(d,A, h), where n0(d,A, h) is the inmum of the n suh that
all the sidelengths of the ylinder cyl(nA, h(n)) are larger than ζ (see gure 4). Thus for all n ≥ n0,
every set of edges that uts the upper half ylinder (nA)
h(n)
1 from the lower half ylinder (nA)
h(n)
2 in
cyl(nA, h(n)) must ontain one of the edges of this neighbourhood of x0. The number of suh edges
is at most K(d, ζ), where K is a onstant depending only on d and ζ. Thus the probability that all
10
2 UPPER LARGE DEVIATIONS FOR τ 2.3 Capaities of exponential law
2Kn
nA
nHd−1(A)
cyl(nA, h(n))
2h(n)
∼ nd−1 disjoint
paths
Figure 3: Disjoint paths near nA in dimension two.
nA
H
d−1(nA)
2h(n)
x0
ζ
path of edges
Figure 4: Path of edges inluded in a neighbourhood of x0.
of them have a apaity bigger than λHd−1(nA) for a λ > ν(~v) is greater than exp(−KλHd−1(nA)).
We obtain that for all n ≥ n0(d,A, h),
P
[
τ(nA, h(n)) ≥ λHd−1(nA)
]
≥ exp(−KλHd−1(nA)) .
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2.4 Capaities with exponential moments of all orders
We suppose that the apaity of the edges admits exponential moments of all order, i.e., for all
θ > 0 we have E(exp(θt(e))) < ∞. Then by a simple appliation of the Chebyshev inequality, we
obtain that
γ(n,N) ≤ exp
[
−Hd−1(NA)
(
θε
2
−
l(n,N) logE(exp(θt(e)))
Hd−1(NA)
)]
. (8)
We want to be able to hoose the term
θε
2
−
l(n,N) logE(exp(θt(e)))
Hd−1(NA)
as big as we want. For a xed R > 0, we an take θ > 0 large enough to have θε ≥ 4R. If there
exists n1 suh that for a xed n ≥ n1, for all N suiently large (how large depends on n), we have
l(n,N)
Hd−1(NA)
logE(eθt(e)) ≤ R , (9)
then for a xed n ≥ n1, for all large N , we would obtain
γ(n,N) ≤ exp
(
−RHd−1(NA)
)
.
We onsider now the values of l0(n,N) and l1(n,N). Looking at l1(n,N), we realize that we have to
impose a ondition on M(n,N). Considering the result we want to prove, we an hoose M(n,N)
satisfying, for eah xed n,
lim
N→∞
M(n,N)
N
= 0 and lim
N→∞
M(n,N) = +∞ .
If h(N)/N does not onverge towards 0, we thus onsider a small ylinder inside the ylinder
cyl(NA,h(N)), but we impose that its height goes to innity with N . Under this hypothesis, we
obtain that for all R, for every xed n, for all large N , ondition (9) is satised by l1(n,N). Thus,
for all xed n, thanks to (6), we obtain that
lim sup
N→∞
1
Hd−1(NA)
log P
[
V (E1) ≥ εH
d−1(NA)/2
]
= −∞ . (10)
For all R, we an nd a n1 suh that for all n ≥ n1, for all large N , the ondition (9) is satised by
l0(n,N). Sine our hoie of M(n,N) implies that
lim
N→∞
logM(n,N)
Hd−1(NA)
= 0 ,
thanks to (5), we obtain that for all xed n ≥ n1,
lim sup
N→∞
1
Hd−1(NA)
log P
[
∃i ∈ {1, ...,M(n,N)} , V (E0,i) ≥ εH
d−1(NA)/2
]
= −∞ . (11)
Combining (10), (11) and (4), sine limN→∞M(n,N) = +∞, we have proved (3). This ends the
proof of Theorem 3.
Remark 4. This result is used in [3℄ in the proof of the lower large deviation priniple for the variable
τ(nA, h(n)).
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3 Partial result onerning the upper large deviations for φ through
a tilted ylinder
We have already written the main part of the proof of Theorem 4 in the previous setion. We
keep all the notations introdued previously. The proof of Theorem 3 was based on the following
inequality:
∀i ∈ {1, ...,M(n,N)}, τ(NA,h(N)) ≤
m∑
j=1
τi,j + V (E1 ∪ E0,i) .
We reall that this inequality was obtained by notiing that if Fi,j is a utset that separates the
upper half part from the lower half part of Bi,j , then ∪
m
j=1Fi,j∪E0,i∪E1 separates the upper half part
from the lower half part of cyl(NA,h(N)). Here we want to onstrut a utset that separates the
bottom from the top of cyl(NA,h(N)). We have no need to add the set of edges E1 in this ontext
beause we do not need to obtain a utset that is pinned at ∂(NA). Thus for all i, ∪mj=1Fi,j ∪ E0,i
uts the top from the bottom of cyl(NA,h(N)), and then we have
∀i ∈ {1, ...,M(n,N)} , φ(NA,h(N)) ≤
m∑
j=1
τi,j + V (E0,i) .
We obtain that for a xed λ > ν(~v), and ε suh that λ ≥ ν(~v) + 3ε, we have by independene
P[φ(NA,h(N)) ≥ λHd−1(NA)]
≤ P

M(n,N)⋂
i=1


m∑
j=1
τi,j + V (E0,i) ≥ λH
d−1(NA)




≤
M(n,N)∏
i=1

P

 m∑
j=1
τi,j ≥ (λ− ε)H
d−1(NA)

 + P [V (Ei) ≥ εHd−1(NA)]

 .
We onsider here the maximal M(n,N), i.e.,
M(n,N) =
⌊
h(N)
h(n) + ζ/2
⌋
.
Indeed, we do not need to make any restrition on M(n,N) beause we do not have to onsider the
set of edges E1 whose ardinality depends on M(n,N).
From now on we suppose that the apaity of the edges admits an exponential moment. Thanks
to the appliation of the Cramér theorem we have already done to obtain (4), we know that for all
n ≥ n0 there exists a positive c
′
(depending on the law of τ(nA, h(n)), λ and ε) suh that
lim sup
N→∞
1
Hd−1(NA)
log P

 m∑
j=1
τi,j ≥ (λ− ε)H
d−1(NA)

 ≤ c′ < 0 . (12)
On the other hand, let γ > 0 be suh that E(exp(γt(e))) <∞. Thanks to equation (8), obtained
13
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by the Chebyshev inequality, and (5), we have for this xed γ:
P[V (E0,i) ≥ εH
d−1(NA)] ≤ P

l0(n,N)∑
i=1
ti ≥ εH
d−1(NA)


≤ exp
[
−Hd−1(NA)
(
γε
2
−
l0(n,N) log E(exp(γt(e)))
Hd−1(NA)
)]
.
Sine l0(n,N) ≤ C(N
d−1n−1 +Nd−2n), we know that there exists n1 suh that for all n ≥ n1, for
all N large enough (how large depending on n), we have
l0(n,N) log E(exp(γt(e)))
Hd−1(NA)
≤
γε
4
,
and then
P[V (E0,i) ≥ εH
d−1(NA)] ≤ exp
(
−Hd−1(NA)
γε
4
)
. (13)
Combining equations (12) and (13), sine M(n,N) is proportional to h(N) for a xed n, Theorem
4 is proved.
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